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Abstract
The search for the critical point of QCD in heavy-ion collision experiments has sparked enormous interest with the
completion of phase I of the RHIC beam energy scan. Here, I review the basics of the thermodynamics of the QCD
phase transition and its implications for experimental multiplicity fluctuations in heavy-ion collisions. Several sources of
noncritical fluctuations impact the observables and need to be understood in addition to the critical phenomena. Recent
progress has been made in dynamical modeling of critical fluctuations, which ultimately is indispensable to understand
potential signals of the QCD critical point in heavy-ion collision.
Keywords:
1. The QCD phase diagram and heavy-ion collisions
One of the most fascinating opportunities of heavy-ion collisions is the investigation of the phases of
strongly interacting matter at finite temperatures and densities. At ultrarelativistic beam energies the inter-
action of the initial nuclei excites the vacuum and high energies are deposited in the reaction zone, creating
a very hot medium of vanishing net-baryon density. At lower beam energies the incoming baryon currents
are stopped and the medium is less hot but more dense than at highest beam energies. In these extreme
regimes it is expected that a new state of matter, the quark-gluon plasma of colored partonic degrees of free-
dom is created. The success of models like statistical hadronization [1] and of fluid dynamical simulations
[2, 3, 4] in comparison to a variety of experimental data, indicates that the medium thermalizes locally and
a connection to QCD thermodynamics is possible.
Experimental efforts started at lower beam energies, from Bevalac and AGS to the CERN-SPS, mounting
up to highest beam energies at RHIC and the LHC. Recent interest has focused on the possibility of scanning
the QCD phase diagram by varying the beam energy in the lower energy region. The recent beam energy
scan phase I has been completed at RHIC where ample data has been taken and analyzed [5, 6, 7, 8].
Currently, the beam energy and system size scan with the NA61 experiment at the CERN-SPS has started
and future programs include the beam energy scan phase II at RHIC and upcoming facilities like the CBM
[9] experiment at FAIR, GSI Helmholtz Center and NICA [10] at JINR in Dubna. The main goal of these
endeavors is the investigation of the QCD phase transition and the discovery of a conjectured critical point
at finite net-baryon density.
From lattice QCD calculations at zero baryo-chemical potential it is known that the phase change be-
tween a partonic and a hadronic medium is an analytic crossover [11] in the temperature range of Tc =
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Fig. 1. Sketch of the order parameter and its derivatives at a phase transition.
145 − 165 MeV depending on the respective thermodynamic quantity [12]. From universality considera-
tions [13], studies of effective models [14, 15, 16, 17, 18, 19, 20] and the nonperturbative Dyson-Schwinger
approach [21, 22] there are good arguments for the existence of a critical point and a subsequent line of
first-order phase transition in the phase diagram at finite net-baryon density. The location of the critical
point is strongly parameter-dependent, e.g. if a vector-coupling is included, and on the approach to solve
the thermodynamics of the model.
In this overview, I will focus on the connection between the thermodynamics of QCD matter and the
experimental data obtained from heavy-ion collisions. Thermodynamics deals with infinite, static and ho-
mogeneous systems, which reach equilibrium in the long-time limit according to a set of controlled ther-
modynamic variables. Systems created in heavy-ion collisions, however, are very dynamical and undergo
a variety of stages, e.g. initial state, pre-equilibrium, quark-gluon plasma and the hadronic gas, each con-
tributing various effects to the final particle spectra. It is therefore necessary to include dynamical effects
of the phase transition in realistic modeling of heavy-ion collisions and identify further contributions that
impact signals of the QCD critical point.
2. Fluctuation observables at the phase transition
At the phase transition thermodynamic quantities change characteristically. This is seen in lattice cal-
culations [23, 24] by the increase of, for example, the energy density scaled by the temperature, e/T 4,
due to the liberation of color degrees of freedom. The speed of sound, c2s = (∂p/∂e)S , has a minimum
around the crossover transition and vanishes at a first-order phase transition. Similarly, the compressibility,
κS = −1/V(∂V/∂p)S , has a maximum around the crossover transition and diverges at the first-order phase
transition. These quantities are related to an anomaly in the pressure. It is straight forward to describe the
phase transition in heavy-ion collisions via fluid dynamical calculations on the level of the equation of state
and transport coefficients. In early (ideal) fluid dynamical calculations, for example, a pronounced minimum
in the slope of the directed flow v1 was observed at a first-order phase transition compared to the absence
of a phase transition [25]. Since modern calculations [26] with improved schemes for particle production
find a substantial reduction of this signal and hardly see any difference between the equation of state of a
crossover and of a first-order phase transition, there is currently no confirmed impact of the anomaly in the
pressure in simulations of heavy-ion collisions.
2.1. Susceptibilities and event-by-event fluctuations
While the order parameter(s) change characteristically at the phase transition, more details are revealed
by taking derivatives, see Fig. 1 for illustration. Derivatives of thermodynamic quantities are related to
ensemble fluctuations, which can be measured as event-by-event fluctuations in heavy-ion collisions. The
quantities to look at in this respect are the susceptibilities, which are defined as derivatives of the pressure
with respect to the chemical potential
χn =
∂n(P/T 4)
∂(µ/T )n . (1)
Starting the derivation from the definition of the grandcanonical partition function one can show that the
susceptibilities relate to cumulants of the event-by-event multiplicity distributions via
χ1 =
1
VT 3
〈N〉 , χ2 =
1
VT 3
〈(∆N)2〉 , χ3 = 1VT 3 〈(∆N)
3〉 , (2)
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χ4 =
1
VT 3
〈(∆N)4〉c ≡ 1VT 3
(
〈(∆N)4〉 − 3〈(∆N)2〉2
)
. (3)
Here, N is the number of the measured particles or conserved charges and ∆N = N − 〈N〉 is the fluctuation
around the event-averaged mean. Under the assumption that fluctuations are determined at a hypersurface
which corresponds to a fixed temperature, the ratios of susceptibilities
χ2
χ1
=
σ2
M
,
χ3
χ2
= Sσ ,
χ4
χ2
= κσ2 (4)
are independent of the volume to zero-th order in volume fluctuations. The mean M, the variance σ2, the
skewness S and the kurtosis κ are obtained from measured event-by-event multiplicity distributions and can
via Eqs. (4) be compared to thermodynamic calculations.
2.2. Fluctuations at a critical point
The expected signal in fluctuation observables depends on the type of phase transition, crossover, critical
point or first-order phase transition. In particular, the features of a critical point stand out. Due to the
divergence of the correlation length of fluctuations, ξ → ∞, microscopic details of the specific interaction
become less and less important the closer a system approaches its critical point. The relevant physics
are determined by only a couple of parameters, such as the dimensionality of the system and other scale-
invariant quantities. In this sense, large classes of physical phenomena, exhibit the same universal behavior
in the scaling regime close to a critical point. QCD with finite quark-masses belongs to the universality
class of 3d Ising models. In static and equilibrated systems, critical phenomena emerge as a result of the
diverging correlations, most prominently the divergence of the fluctuations of the critical mode σ. It has
been shown that the higher-order cumulants are more sensitive to the divergence of the correlation
〈∆σ2〉 ∝ ξ2 , 〈∆σ3〉 ∝ ξ9/2 , 〈∆σ4〉c ∝ ξ7 , (5)
where the ξ dependence of the couplings from the 3d Ising universality class has been employed [27].
The growth of the correlation length takes finite time, and close to the critical point not only the fluc-
tuations diverge as a function of the correlation length with some critical exponent, but so do associated
relaxation times τrel ∝ ξ z, where z is a dynamical critical exponent [28]. This implies that in a dynamical
setup, a system which traverses the critical point in any finite amount of time is necessarily driven out of
equilibrium, even if it reached thermal equilibrium in some state away from the critical point. This effect
is called critical slowing down and known to weaken the phenomena of criticality. A phenomenological
evolution equation of the correlation length has been studied in [29] and the maximal size of the correlation
length was found to extend to 1.5 − 2.5 fm.
Low-energy effective models of QCD, like the quark-meson (QM) or Polyakov quark-meson model
(PQM) include some aspects of the QCD phase transition, like the chiral O(4) or the Z(2) symmetry. Com-
pared to lattice calculations they do not capture all the aspects of QCD but can easily be studied at finite
µB, give an insight into the active degrees of freedom and real-time calculations can in principle be carried
out. Typically, mean-field critical exponents and critical phenomena do not describe the correct physics as
mesonic fluctuations and thus important correlations are neglected. Functional renormalization group meth-
ods can go beyond the mean-field approximation and provide valuable information about the fluctuations in
conserved-charge densities. In [30] it has been shown that χ4/χ2 has a prominent T -µB-dependence and the
signal grows stronger as the critical point is approached.
2.3. Fluctuations at a first-order phase transition
Fluctuations at a first-order phase transition are of a very different nature. They occur only if a nonequi-
librium situation is present. At the transition temperature the high and low temperature phase coexist. These
two stable phases are separated by a potential barrier, the latent heat. At temperatures above and below Tc
metastable states exist as remnants of the phase coexistence, still separated by a barrier. Thus, a system
which is in thermal equilibrium above the phase transition and cools to a temperature slightly below the
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phase transition needs a finite time to relax over this barrier into the new stable phase. If this nucleation
rate is small and the expansion (cooling) is fast, parts of the system remain in the metastable phase un-
til it becomes unstable at the lower spinodal. Here, the low-momentum modes are amplified by spinodal
decomposition, which leads to domain formation of the two phases [31, 32, 33, 34, 35, 36, 37, 38].
2.4. Critical fluctuations in heavy-ion collisions
In order to obtain predictions for measurable particles, the work in [39, 40, 27, 41] applied the theory of
critical phenomena to heavy-ion collisions by looking at a coupling of the order parameter σ to protons via
gp p¯σp and derived expressions for the n-th order cumulants of proton multiplicity distributions including
the leading-order critical contribution
〈∆Nnp〉 = 〈(∆N0p)n〉c + 〈(V∆σ)n〉c
−gpdpT
∫
k
n0p(k)(1 − n0p(k))
γp(k)

n
, (6)
where 〈(∆N0p)n〉c is the n-order cumulant of the noncritical baseline, e.g. for a Poisson distribution, n0p(k) is
the Fermi-Dirac thermal distribution of protons and γp(k) =
√
k2 + m2p. Estimations based on these formulas
have been the main motivation to search for the QCD critical point in heavy-ion collision experiments.
Net-proton fluctuations based on Eq. (6) are shown in Fig. 2 (green, solid lines) as a function of the
beam energy in comparison with preliminary data from the STAR collaboration [42]. The results depend
strongly on the correlation length, for which an assumption according to [41] is used with ξmax = 2.6 fm
at µB = 0.15 GeV and width 0.4 GeV. Furthermore, the 3d Ising model parameters are fixed to ˜λ3 = 1.5
and ˜λ4 = 13, and the coupling is gp = 9. Freeze-out conditions are taken from [43]. The experimental cuts
have been included in the thermal integrals. Recently, this approach has been extended to correlated particle
production over a hypersurface of a fluid dynamical expansion [44, 45]. Here, the mentioned parameters
have been tuned for each collision energy to rougly reproduce the experimental data for the cumulants
separately. The results shown here (red squares)1 are for parameter set I in [44]. The increasing trend at
low energies in κσ2 can be described with appropriate parameter choices from a particlization over a fluid
dynamic hypersurface, but the decreasing trend at the lower energies in Sσ seems to be difficult to obtain.
None of these models include any dynamical evolution of the critical fluctuations.
3. Non-critical sources of fluctuations
Fluctuations reveal more details of the phase transition, but also of everything else that affects the mul-
tiplicity distributions. In order to separate the interesting fluctuations from the the non-critical contributions
it is therefore indispensable to carefully identify and study further sources of fluctuations:
• If the limited detector acceptance is smaller than the critical correlation length of the measured par-
ticles, the signal is diminished. Similarly, any detector efficiency which is smaller than 100% due
induces additional fluctuations to the finite probability that a certain particle is not detected. This
washes out the critical fluctuation signal. Under the assumption that the detection of each particle is
independent with constant efficiency, i.e. that the distribution of n detected particles out of N particles
reaching the detector in acceptance is binomial, this effect can be corrected according to [47, 48]. If
the assumption of a binomial distribution is justified remains to be carefully checked by the experi-
ments.
• Experimentally, it is not feasible to detect the neutrons. Quasielastic scatterings of protons or neutrons
with pions via a delta resonance (p(n)+pi→ ∆→ n(p)+pi) in the hadronic phase wash out the critical
fluctuations in net-baryon number. It is similar to limited acceptance or efficiency effects and under
the assumption of complete isospin randomization, i.e. that the number of protons among the baryons
is given by a binomial distribution, can be corrected [49, 50, 51].
1L. Jiang, P. Li and H. Song, private communication
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Fig. 2. Net-proton fluctuations as a function of beam energy compared to preliminary data from STAR [42] (|y| < 0.5, 0.4 < pT <
2 (GeV/c)). The light green curves are based on Eq. (6) with fixed parameters and the dashed line includes fluctuations from resonance
decays [46]. The red squares are obtained from particlization over a fluid dynamical hypersurface with parameters tuned to repro-
duce the experimental data for the cumulants [44]. In all curves criticality is introduced via the coupling of (anti-)protons to static,
equilibrium σ fluctuations [39, 40, 27, 41].
• A very similar non-critical source of fluctuations is the decay of resonances in the late hadronic stage
[51]. In Fig. 2 the impact of the stochastic contribution from resonance decay to the net-proton
fluctuations is shown by the green, dashed line. The parameters are the same as described above. It
is seen that the critical fluctuations are significantly reduced but survive, in particular in χ4/χ2, when
resonance decays are included [46].
• Volume fluctuations are inevitable in heavy-ion collision experiments and they are expected to affect
all types of collisions, except very central ones [30, 52]. Recently, a variety of fluctuation observ-
ables, which are not only independent of the volume average but also independent of any volume
fluctuations, so called strongly intensive measures have been proposed [53, 52].
• Toward lower beam energies more of the initial net-baryon number is transported to midrapidity,
which means that the assumption of a grandcanonical ensemble might not be justified any more and
the effects of global net-baryon number conservation start to affect the fluctuation observables. In
microscopic transport models the individual scatterings are of microcanonical nature and net-baryon
number conservation was found to have a huge impact on the net-baryon number kurtosis with the
net-proton kurtosis to slightly follow this trend [54]. These calculations serve as valuable baseline
studies. Starting from a binomial distribution the effects of global net-baryon number conservation
have been studied in [55] as well.
• Initial fluctuations due to baryon stopping become increasingly important at low beam energies, since
most of the measured protons come from the initial baryon current, which is transported to midrapidity
during the initial collisions. Several models are able to somewhat different degrees to describe the
rapidity distribution of particle production at lower beam energies but the impact of initial baryon-
number fluctuations at midrapidity has not yet been studied.
A recent MC sampling of critical and some noncritical contributions to the variance of pion fluctuations
from a similar coupling as discussed for protons above found a large effect of noncritical fluctuations [56].
4. Dynamics of critical fluctuations
The estimations obtained in [39, 40, 27, 41] and its recent refinements in [44] and [46] as shown in Fig.
2 are based on static, equilibrium expectations for 〈(∆σ)n〉c albeit with a phenomenological input for a finite
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correlation length. In order to go beyond and achieve a quantitative statement about the connection between
the thermodynamics of the QCD critical point and experimental observables the dynamics of fluctuations
needs to be included in realistic modeling of heavy-ion collisions.
In [57] it is shown that the magnitude and sign of the critical contributions to the fluctuation signals can
be different in non-equilibrium situations compared to equilibrium expectations due to the importance of
memory effects. In this work, the real-time evolution of non-Gaussian cumulants is studied in the scaling
regime, where Lmicro ≪ ξ ≪ Lsys via an expansion of the Fokker-Planck dynamics of the order parameter.
In general different combinations of trajectories, chemical freeze-out conditions and relaxation times τrel
can give similar results for the
√
s-dependence of the higher-order cumulants.
In order to investigate the dynamics of critical fluctuations within a realistic space-time evolution of
heavy-ion collisions, the model of nonequilibrium chiral fluid dynamics (NχFD) has been developed con-
tinuously over the recent years [58, 59, 60, 61, 38, 62, 63]. It explicitly propagates the order parameter
fields coupled to a fluid dynamical evolution of the QGP. The order parameter of chiral symmetry, the σ
field evolves via a stochastic relaxation equation
∂µ∂
µσ +
δU
δσ
+ gρs + η∂tσ = ξ , (7)
where the chiral potential U, the scalar density ρs and the damping coefficient η are obtained from a chiral
effective model like the (P)QM model. Following the fluctuation-dissipation theorem the magnitude of the
noise field ξ is determined by the damping coefficient and taken in the Gaussian approximation. Due to
the presence of ξ the evolution of the σ field becomes stochastic. The fermionic part of the Lagrangian is
treated fluid dynamically and serves as heat bath for the nonequilibrium dynamics of the order parameter.
The fluid dynamical evolution and the σ field evolution can be consistently derived within the 2PI effective
action approach. The two sectors are coupled via a stochastic source term in the fluid dynamical equations
∂µT µνq = S ν = −∂µT µνσ , ∂µNµq = 0 . (8)
Consequently, the fluid dynamical fields itself become stochastic quantities. This approach produces effects
of supercooling, reheating and domain formation at the first-order phase transition, as well as critical slowing
down at the critical point. Recently, a particlization has been added and the dynamics along a trajectory on
the crossover side of the critical point shows that critical contributions to the net-proton kurtosis are present
in dynamical systems [63]. Further and more quantitative work is underway.
5. Fluid dynamical fluctuations
In NχFD the fluctuations in the fluid dynamical fields were induced by the stochastic evolution in the
σ field. At finite baryochemical potential, however, the σ field mixes with the net-baryon density, which
in the long-time limit becomes the true critical mode due to the diffusive dynamics [64]. The inclusion
of fluctuations into the fluid dynamical evolution equation is therefore a promising route to the dynamical
treatment of critical fluctuations. While conventional fluid dynamics propagates only thermal averages of
the fluid dynamical fields, we know that already in equilibrium there are thermal fluctuations and that the
fast processes, which lead to local equilibration also lead to noise. For a consistent treatment of viscosities,
of the baryon conductivity and the dissipation-fluctuation theorem the equations for fluctuating viscous fluid
dynamics read [65, 66]
T µν = T µνeq + ∆T
µν
visc + Ξ
µν , (9)
Nµ = Nµeq + ∆N
µ
visc + I
µ . (10)
with the autocorrelation of the noise term
〈Ξµν(x)Ξαβ(x′)〉 = 2T [η(∆µα∆νβ + ∆µβ∆να) + (ζ − 2/3η)∆µν∆αβ]δ4(x − x′) , (11)
〈Iµ(x)Iν(x′)〉 = 2Tκ∆µνδ4(x − x′) . (12)
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Assuming enhanced conductivities at the critical point, the nonlinear fluid dynamical equations produce
enhanced correlator of fluid dynamical densities in a simple Bjorken expansion [67]. First numerical imple-
mentations [68], suggest an enhancement of flow due to the additional fluctuations, crucial questions of the
renormalization of viscosities and the equation of state due to nonlinear effects [69, 70] and the reproduction
of equilibrium expectations remain and are currently under investigation.
6. Toward the discovery of the critical point
Through a realistic dynamical modeling of heavy-ion collisions the QCD critical point and experimental
data can be connected and understood. The uncertainties of dynamical models can be reduced by relying
on input from first-priniciple calculations whenever possible. Remaining unknown quantities can be tuned
by comparing to experimental observables, which are not signals for the critical point. For noncritical bulk
observables this procedure is well established in current fluid dynamical calculations for example. In order
to search for the QCD critical point, it becomes necessary to include the dynamics of critical fluctuations
and to develop appropriate interfaces of these fluctuations with the initial fluctuations and correlations and
for particlization. Such a framework is also capable to treat noncritical effects quantitatively. This paper
outlined a couple of recent approaches to address the dynamics of critical fluctuations and gave an outlook
of important current and future developments, in particular, in form of fluid dynamical fluctuations and their
integration into realistic descriptions of the space-time evolution of the quark-gluon plasma and the hadronic
stage. With these tools the discovery of the QCD critical point and the investigation of its properties at
current and future heavy-ion collision experiments will become possible.
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